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A NOTE ON THE ALMOST SCHUR LEMMA ON SMOOTH METRIC
MEASURE SPACES
JUI-TANG CHEN∗
Abstract. In this paper, we prove almost Schur Lemma on closed smooth metric measure
spaces, which implies the results of X. Cheng [6] and De Lellis-Topping [11] whenever the
weighted function f is constant.
1. Introduction
In 2012, De Lellis and C. Topping [11] proved an almost Schur Lemma, that is, if a
closed Riemannian manifold has nonnegative Ricci curvature, they showed an almost Schur
inequality involves scalar curvature and Ricci curvature:
∫
M
(
R− R
)2
dv ≤ 4n(n−1)
(n−2)2
∫
M
∣∣Ric− R
n
g
∣∣2 dv.
In particular, the equality holds if and only if this manifold is Einstein and constant scalar
curvature.
Later, in [9], Y. Ge and G. Wang proved the almost Schur Lemma without the condition
of nonnegative Ricci curvature in 4-dimension closed Riemannian manifold, i.e. they just
assume the nonnegative of scalar curvature (or see [2] for 4-dimension closed Riemannian
manifold with Yamabe invariant).
Key words and phrases. Bakry-E´mery Ricci tensor, smooth metric measure space, Einstein, Almost Schur
Lemma.
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In [6], X. Cheng considered the closed Riemannian manifolds with negative Ricci curvature
and obtained a generalization of the De Lellis-Topping’s theorem (or see [7]). For more
references, see [5][4][10][15].
In this paper, we study almost Schur Lemma on a smooth metric measure space. First of
all, we recall some definitions of smooth metric measure space.
For an n-dimensional closed Riemannian manifolds (Mn, g) and a smooth function f on
M. A triple (Mn, g, dvf) is a smooth metric measure space with weighted volume identity
dvf = e
−f(x)dv, where dv is the volume element of M with respect to the metric g. Let
(∇f ⊗∇u)ij =
1
2
(f,iu,j + f,ju,i) , and let Hess be the Hessian of the metric g, we define the
weighted Laplacian by the trace of
(Hessfu)ij ≡ (Hessu)ij − (∇f ⊗∇u)ij ,
i.e.
∆fu = ∆u− 〈∇f,∇u〉
which is a self-adjoint operator concerning dvf .
It is natural to consider the m-Bakry-E´mery and∞-Bakry-E´mery Ricci tensor on smooth
metric measure space by
Ricmf = Ric +Hessf −
1
m
∇f ⊗∇f, m > 0,
and
Ricf = Ric +Hessf
respectively. If Ricf = λg (or Ric
m
f = λg) for some λ ∈ R, then M is quasi-Einstein (or
m-quasi-Einstein), and Ricf = λg is the gradient Ricci soliton equation. Whenever f is a
constant, then M is called trivial Einstein.
According to the classical Bochner’s formula, we have a similar formula
1
2
∆f |∇u|
2 = |Hessu|2 + 〈∇u,∇∆fu〉+Ricf (∇u,∇u)
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for u ∈ C3 (M) on M. Hence, there are many results may be extended from Riemann-
ian manifolds to smooth metric measure spaces. We refer the reader to, for example
[3][8][13][14][15][16][17][18] for further references.
In fact, if R is the scalar curvature of M with respect to the metric g,
Nmf ≡
(
R + 2(m−1)
m
∆f − m−1
m
|∇f |2
)
e−
2
m
and
N
m
f =
∫
M
Nm
f
dvf∫
M
dvf
,
J.-Y. Wu [15] generalized De Lellis-Topping’s result as follows: Let
(
Mn, g, e−fdv
)
be a
closed smooth metric measure space. For any positive number m 6= 2, if
Ricmf ≥
|∇f |2
m
g,
then
∫
M
(
Nmf −N
m
f
)2
e−fdv ≤ 4(m+1)(m−2)
m3
∫
M
∣∣∣Ricmf + trRic
m
f
m−2 g
∣∣∣2 e−m+4m fdv.
Moreover equality holds if and only if
Ricmf +
trRicm
f
m−2 g = 0.
Let R be the nontrivial scalar curvature on M with respect to metric g, and we denote
Rf = R + ∆f, Vf(M) =
∫
M
dvf , Rf =
∫
M
Rfdvf
Vf (M)
, R =
∫
M
Rdvf
Vf (M)
, R˚ic = Ric − R
n
g, and
R˚icf = Ricf −
Rf
n
g.
Now we state our results:
Theorem 1.1. Let (Mn, g, dvf) , n > 2, be a closed smooth metric measure space. If
Ricf ≥ (∆f − (n− 1)K) g,
then
(1.1)
∥∥Rf −Rf∥∥L2 ≤ 2n
√
A
n−2
∥∥∥R˚icf −Hessf
∥∥∥
L2
+ ‖∆f‖L2 ,
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where ‖·‖2L2 =
∫
M
(·)2 dvf ,
A = n−1
n
+ 1
λ1
(n− 1)K,
and λ1 is the first positive eigenvalue of the weighted Laplacian ∆f . Moreover, equality holds
if and only if M is trivial Einstein and constant scalar curvature with respect to metric g.
Theorem 1.2. Let (Mn, g, dvf) , n > 2, be a closed smooth metric measure space. If
Ricmf ≥
(
1
m
|∇f |2 − (n− 1)K
)
g
for any positive constant m, then
(1.2)
∫
M
(
R− R
)2
dvf ≤
4n2A
(n−2)2
∫
M
∣∣∣R˚ic
∣∣∣2 dvf .
where
A = n−1
n
+ m
2
+ (m+2)(n−1)
2λ1
K.
Moreover, equality holds if and only if M is trivial Einstein and constant scalar curvature
with respect to metric g.
Theorem 1.3. Let (Mn, g, dvf) , n > 2, be a closed smooth metric measure space. If
Ricf ≥ (∆f − (n− 1)K) g,
then
(1.3)
∫
M
(
R −R
)2
dvf ≤
4n2A
(n−2)2
∫
M
∣∣∣R˚ic
∣∣∣2 dvf
where
A = n−1
n
+ 1
λ1
(n− 1)K.
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Remark 1.1. We note that our results are sharp since the constant 4n
2A
(n−2)2 is the same as the
results in [6] (for K > 0) and [11] (for K = 0). So Theorem 1.1 implies the results of [11]
and [6] whenever we select f is a constant.
Remark 1.2. In Theorem 1.1, 1.2, 1.3, we may select f such that
∫
fdvf = 0 since (1.1),
(1.2) and (1.3) are valid whenever we replace dvf by dvf−f .
Remark 1.3. In Theorem 1.3, if equality of (1.3) holds, the question ”M is trivial Einstein
and constant scalar curvature” is still an open problem for us (see detial in section 3). There
are some partial results in the section 3, and we still have no idea for other case.
The paper is organized as follows. The proofs of Theorem 1.1 and 1.2 are showed in section
2. In section 3, we prove Theorem 1.3, and we also give some parial results for the open
problem in this section.
2. Proof of Theorem 1.1 and 1.2
Proof of Theorem 1.1:
Proof. Assume R is the nontrivial scalar curvature on M with respect to metric g, and
Rf = R +∆f.
According to Sobolev embedding theorem and calculus variation, there exists a nontrivial
solution u :M → R of
(2.1)


∆fu = Rf −Rf∫
M
udvf = 0,
where
Rf =
∫
M
Rfdvf
Vf (M)
with Vf(M) =
∫
M
dvf .
Since the second Bianchi identity divRic = 1
2
∇R implies
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(divRicf )j = (divRic)j + (divHessf)j
= ∇iRij + (divHessf)j
= 1
2
R,j + (divHessf)j
= 1
2
Rf,j −
1
2
(∆f),j + (divHessf)j .
Hence (
div R˚icf
)
j
= (divRicf )j −
Rf,j
n
= n−2
2n
Rf,j −
1
2
(∆f),j + (divHessf)j ,
i.e.
(2.2) div R˚icf =
n−2
2n
∇Rf −
1
2
∇∆f + divHessf,
where R˚icf = Ricf −
Rf
n
g. Then, by using
∫
M
〈
R˚icf , hg
〉
dvf =
∫
M
〈
Ricf −
Rf
n
g, hg
〉
dvf
=
∫
M
(Rf −Rf ) hdvf
= 0,
one has
(2.3)
∫
M
(
Rf − Rf
)2
dvf =
∫
M
(
Rf − Rf
)
∆fudvf = −
∫
M
〈∇Rf ,∇u〉 dvf
= −2n
n−2
∫
M
〈
div R˚icf +
1
2
∇∆f − divHessf,∇u
〉
dvf
= 2n
n−2
∫
M
〈
R˚icf −Hessf,Hessfu
〉
+ 1
2
∆f∆fudvf
= 2n
n−2
∫
M
〈
R˚icf −Hessf,Hessfu− hg
〉
+ n−2
2n
∆f∆fudvf
≤ 2n
n−2
∥∥∥R˚icf −Hessf
∥∥∥
L2
‖Hessfu− hg‖L2 +
∫
M
∆f∆fudvf
where ‖·‖2L2 =
∫
M
(·)2 dvf , and we select
(2.4) h =
∆fu
n
.
By Bochner’s formula
1
2
∆f |∇u|
2 = |Hessu|2 + 〈∇u,∇∆fu〉+Ricf (∇u,∇u) ,
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we have
(2.5)
∫
M
∣∣∣Hessfu− ∆fun g
∣∣∣2 dvf
=
∫
M
|Hessfu|
2 −
(∆fu)
2
n
dvf
=
∫
M
|Hessu|2 − 2Hessu (∇f,∇u) + |∇f |
2|∇u|2+〈∇f,∇u〉2
2
−
(∆fu)
2
n
dvf
≤
∫
M
(
1− 1
n
)
(∆fu)
2 − Ricf (∇u,∇u)−
〈
∇f,∇ |∇u|2
〉
+ |∇f |2 |∇u|2 dvf
=
∫
M
(
1− 1
n
)
(∆fu)
2 − Ricf (∇u,∇u) + ∆f |∇u|
2
dvf
≤
∫
M
(
1− 1
n
)
(∆fu)
2 + (n− 1)K |∇u|2 dvf
whenever Ricf ≥ (∆f − (n− 1)K) g.
Since the first positive eigenvalue λ1 of weighted Laplacian on M is characterized by
λ1 = inf
{ ∫
M
|∇ϕ|2dvf∫
M
ϕ2dvf
| ϕ is nontrivial and
∫
M
ϕdvf = 0
}
,
we get
∫
M
|∇u|2 dvf = −
∫
M
u∆fudvf = −
∫
M
u
(
Rf − Rf
)
dvf ≤ ‖u‖L2
∥∥Rf − Rf∥∥L2
≤ λ
−1/2
1 ||∇u||L2
∥∥Rf − Rf∥∥L2 ,
for which it holds that
(2.6) λ1
∫
M
|∇u|2 dvf ≤
∥∥Rf − Rf∥∥2L2 and λ21
∫
M
u2dvf ≤
∥∥Rf − Rf∥∥2L2 .
So (2.5) becomes
(2.7)
∫
M
∣∣∣Hessfu− ∆fun g
∣∣∣2 dvf ≤ A ∥∥Rf − Rf∥∥2L2 ,
where
A = n−1
n
+ 1
λ1
(n− 1)K,
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and we may rewrite (2.3) as
∫
M
(
Rf − Rf
)2
dvf
≤ 2n
n−2
∥∥∥R˚icf −Hessf
∥∥∥
L2
∥∥∥Hessfu− ∆fun g
∥∥∥
L2
+
∫
M
∆f∆fudvf
≤ 2n
√
A
n−2
∥∥Rf −Rf∥∥L2
∥∥∥R˚icf −Hessf
∥∥∥
L2
+
∫
M
∆f
(
Rf −Rf
)
dvf
≤ 2n
√
A
n−2
∥∥Rf −Rf∥∥L2
∥∥∥R˚icf −Hessf
∥∥∥
L2
+
∥∥Rf − Rf∥∥L2 ‖∆f‖L2 ,
i.e.
(2.8)
∥∥Rf −Rf∥∥L2 ≤ 2n
√
A
n−2
∥∥∥R˚icf −Hessf
∥∥∥
L2
+ ‖∆f‖L2 .
If ” = ” of (2.8) holds, then we have the following properties:
(i) Ricf (∇u, ·) = (∆f − (n− 1)K) g (∇u, ·) ;
(ii) µ1(R˚icf −Hessf) = Hessfu−
∆fu
n
g, where µ1 is a non-zero constant;
(iii) Rf − Rf = −λ1u = ∆fu = µ2∆f, where µ2 is a non-zero constant;
(iv) ∇f = α∇u.
Since (iii) and (iv) imply
0 =
∫
M
∆fudvf = µ2
∫
M
∆fdvf = µ2
∫
M
|∇f |2 dvf
infers that f must be constant on M. Then theorem follows by [6] and [11]. 
Proof of Theorem 1.2 :
In the following, we show almost Schur lemma under the condition of m-Bakry-E´mery
Ricci tensor which is similar to the work of [15].
Proof. Now we consider the nontrivial solution u :M → R of
(2.9)


∆fu = R −R∫
M
udvf = 0
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where
R =
∫
M
Rdvf
Vf (M)
.
Since the second Bianchi identity divRic = 1
2
∇R implies
div R˚ic = n−2
2n
∇R
where (divRic)j = ∇iRij and R˚ic = Ric−
R
n
g.
Then, one has
(2.10)
∫
M
(
R− R
)2
dvf =
∫
M
(
R− R
)
∆fudvf = −
∫
M
〈∇R,∇u〉 dvf
= −2n
n−2
∫
M
〈
div R˚ic,∇u
〉
dvf
= 2n
n−2
∫
M
〈
R˚ic,Hessfu
〉
dvf
= 2n
n−2
∫
M
〈
R˚ic,Hessfu− hg
〉
dvf
≤ 2n
n−2
∥∥∥R˚ic
∥∥∥
L2
‖Hessfu− hg‖L2 .
Now we select
h =
∆fu
n
.
By Bochner’s formula
1
2
∆f |∇u|
2 = |Hessu|2 + 〈∇u,∇∆fu〉+Ricf (∇u,∇u) ,
we have
(2.11)
∫
M
∣∣∣Hessfu− ∆fun g
∣∣∣2 dvf
=
∫
M
|Hessu−∇f ⊗∇u|2 −
(∆fu)
2
n
dvf
≤
∫
M
(
1 + m
2
)
|Hessu|2 +
(
1 + 2
m
)
|∇f ⊗∇u|2 −
(∆fu)
2
n
dvf
=
∫
M
(
1− 1
n
+ m
2
)
(∆fu)
2 − m+2
2
Ricf (∇u,∇u)
+m+2
2m
(
|∇f |2 |∇u|2 + 〈∇f,∇u〉2
)
dvf
≤
∫
M
(
n−1
n
+ m
2
)
(∆fu)
2 + (m+2)(n−1)K
2
|∇u|2 dvf ,
here we use Ricmf ≥
(
1
m
|∇f |2 − (n− 1)K
)
g.
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Hence, by the inequality of eigenvalue λ1 (see (2.6)), (2.11) gives
∫
M
∣∣∣∣Hessfu− ∆fun g
∣∣∣∣
2
dvf ≤ A
∥∥R− R∥∥2
L2
,
and then one has
(2.12)
∥∥R− R∥∥
L2
≤ 2n
√
A
n−2
∥∥∥R˚ic
∥∥∥
L2
where
A =
(
n−1
n
+ m
2
)
+ (m+2)(n−1)
2λ1
K
for any constant m > 0.
If ” = ” holds, then Hessu = − 2
m
∇f ⊗∇u on M. For which it implies
(2.13) ∆−2f
m
u = ∆u+ 2
m
〈∇f,∇u〉 = 0,
i.e. u is a weighted harmonic function with respect to weighted measure dv 2f
m
on M, it infers
u = 0 on M . So Theorem 1.2 follows. 
Combine Theorem 1.2 and Theorem 1.1, it is clear that one has the following property.
Corollary 2.1. Let (Mn, g, dvf) , n > 2, be a closed smooth metric measure space. If
Ricmf ≥
(
1
m
|∇f |2 − (n− 1)K
)
Kg
for any positive constant m, then
∥∥Rf −Rf∥∥L2 ≤ 2n
√
A
n−2
∥∥∥R˚icf −Hessf
∥∥∥
L2
+ ‖∆f‖L2 ,
where ‖·‖2L2 =
∫
M
(·)2 dvf and
A = n−1
n
+ m
2
+ (m+2)(n−1)
2λ1
K.
Moreover, equality holds if and only if M is trivial Einstein and constant scalar curvature
with respect to metric g.
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3. Proof of Theorem 1.3
As the procedure form (2.9) to (2.12) in the proof of Theorem 1.2, but we replace (2.11)
by the following formula,
∫
M
∣∣∣Hessfu− ∆fun g
∣∣∣2 dvf
=
∫
M
|Hessfu|
2 −
(∆fu)
2
n
dvf
=
∫
M
|Hessu|2 − 2Hessu (∇f,∇u) + |∇f |
2|∇u|2+〈∇f,∇u〉2
2
−
(∆fu)
2
n
dvf
≤
∫
M
(
1− 1
n
)
(∆fu)
2 − Ricf (∇u,∇u)−
〈
∇f,∇ |∇u|2
〉
+ |∇f |2 |∇u|2 dvf
=
∫
M
(
1− 1
n
)
(∆fu)
2 − Ricf (∇u,∇u) + ∆f |∇u|
2
dvf
≤
∫
M
(
1− 1
n
)
(∆fu)
2 + (n− 1)K |∇u|2 dvf
whenever Ricf ≥ (∆f − (n− 1)K) g. So we obtain
(3.1)
∫
M
∣∣∣Hessfu− ∆fun g
∣∣∣2 dvf ≤ A ∫M
(
R−R
)2
dvf ,
and then the inequality (1.3)
(3.2)
∫
M
(
R −R
)2
dvf ≤
4n2A
(n−2)2
∫
M
∣∣∣R˚ic
∣∣∣2 dvf
holds, where
A = n−1
n
+ 1
λ1
(n− 1)K.
If ” = ” of (3.2) holds, we have the following properties:
(i) Ricf (∇u, ·) = (∆f − (n− 1)K) g (∇u, ·) ;
(ii) µR˚ic = Hessfu−
∆fu
n
g, where µ is a non-zero constant;
(iii) R−R = −λ1u;
(iv) ∇f = α∇u.
In the following, we focus on the case K > 0, we prove that if ” = ” of (3.2) holds, and
under the condition α (p) ≤ 1
n−1 , then M is trivial Einstein and constant scalar curvature
with respect to metric g, but it is still an open problem when α (p) > 1
n−1 . In fact, by the
12 JUI-TANG CHEN
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compactness property of M, we only need to consider the case 1
n−1 < α (p) ≤ C, for some
constant C.
Remark 3.1. If α = 0, then theorem follows by [6] (or [11] for K = 0). So we assume α 6= 0.
Lemma 3.1. µ must satisfy µ = 2nA
n−2 =
2n
n−2
(
n−1
n
+ 1
λ1
(n− 1)K
)
, or M is trivial Einstein
and constant scalar curvature with respect to metric g.
Proof. By (ii), (3.1) and (3.2), we have
µ2
∫
M
∣∣∣R˚ic
∣∣∣2 dvf = ∫M
∣∣∣Hessfu− ∆fun g
∣∣∣2 dvf = A ∥∥R −R∥∥2L2
= 4n
2A2
(n−2)2
∫
M
∣∣∣R˚ic
∣∣∣2 dvf
which gives (
µ2 − 4n
2A2
(n−2)2
) ∫
M
∣∣∣R˚ic
∣∣∣2 dvf = 0.
It is clear that if µ 6= 2nA
n−2 , then R˚ic = 0 and M is trivial Einstein and constant scalar
curvature with respect to metric g. Hence µ = 2nA
n−2 . 
By (i),
Rijui + fijui − ujfii + (n− 1)Kuj = 0
implies
(3.3) Rij,jui + fijjui − fiijuj +Rijuij + fijuij − ujjfii + (n− 1)Kujj = 0.
And (ii) gives
(3.4)
µRiju,ij =
〈
µR
n
g +Hessfu−
∆fu
n
g,Hessu
〉
= µR
n
∆u+ |Hessu|2 − αHessu (∇u,∇u)− ∆u−α|∇u|
2
n
∆u.
Now let p ∈M be the minimal point p of u, i.e. u (p) = infM u.
Since (iv) implies
fik = αkui + αuik,
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then (3.3) and (3.4) can be rewritten as
(3.5)


Riju,ij = α (∆u)
2 − α |Hessu|2 − (n− 1)K∆u,
µRiju,ij =
µR
n
∆u+ |Hessu|2 − 1
n
(∆u)2 ,
at p. For which we have
(3.6)
0 = µR
n
∆u+ (1 + αµ) |Hessu|2 −
(
1
n
+ αµ
)
(∆u)2 + (n− 1)µK∆u
= (1 + αµ) |Hessu|2 − 1+αµ
n
(∆u)2 + µ
n
(R− (n− 1)α∆u+ n (n− 1)K)∆u
at p.
Since
R− (n− 1)α∆u+ n (n− 1)K = R +∆u− (n− 1)α∆u+ n (n− 1)K
= (1− (n− 1)α)∆u+R + n (n− 1)K,
so (3.6) can be rewritten as
(3.7)
(1 + αµ)
(
|Hessu|2 − 1
n
(∆u)2
)
+ µ
n
(1− (n− 1)α) (∆u)2
+µ
n
(
R + n (n− 1)K
)
∆u
= 0 at p.
Besides, due to curvature assumption
(3.8) Ric + αHessu ≥ (α∆u− (n− 1)K) g,
one has
(3.9) R ≥ α (n− 1)∆u− n (n− 1)K,
and it gives
(3.10)
R ≥ α(n−1)
Vf (M)
∫
M
∆udvf − n (n− 1)K
= α
2(n−1)
Vf (M)
∫
M
|∇u|2 dvf − n (n− 1)K
> −n (n− 1)K for all α 6= 0,
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here we use
∆u = ∆fu+ α |∇u|
2
.
If −1
µ
≤ α (p) ≤ 1
n−1 , then each term in the left hand side of (3.7) must be nonnegative
at p, so ∆u (p) = 0, which implies R (p) = supM R = R. Hence M is trivial Einstein and
constant scalar curvature with respect to metric g.
If α (p) ≤ − 1
µ
, at p, we rewrite (3.7) as
(3.11) (1 + αµ)
(
|Hessu|2 − (∆u)2
)
+ (n−1)+µ
n
(∆u)2 + µ
n
(
R + n (n− 1)K
)
∆u = 0,
at p. We note that, at p, the n × n matrix Hessu must be semi-positive, then |Hessu|2 ≤
(∆u)2 at p, and equality holds if only if the rank of Hessu (p) less than 2. For which each
term in the left hand side of (3.11) must be nonnegative. So ∆u (p) = R (p)− R = 0, then
M is trivial Einstein and constant scalar curvature with respect to metric g.
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